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The  r e f l e c t i o n  and t r a n s m i s s i o n  c o e f f i c i e n t s  a r e  ob ta ined ,  as  we l l  as  the  c o e f f i c i e n t  of  t r a n s -  
f o r m a t i o n  of  an e l e c t r o m a g n e t i c  wave  into a p l a s m a  wave .  The  p r o b l e m  of c h o o s i n g  the 
" p h y s i c a l "  pa th  of  ana ly t i c  con t inua t ion  of  the  so lu t ions  i s  c o n s i d e r e d  in  the  c a s e  of a wave  
equa t ion  wi th  two p o l e s .  

1.  S t a t e m e n t  of the  P r o b l e m .  Le t  a p lane  wave  be p r o p a g a t e d  a long the z a x i s ,  wh i l e  the  p l a s m a  i s  
l i k e w i s e  i nhomogeneous  a long the  z a x i s ,  and the  e x t e r n a l  m a g n e t i c  f i e l d  i s  d i r e c t e d  a long the y a x i s .  In  
th i s  c a s e ,  the  e l e c t r i c  f i e l d  of the  wave  

E ,  (z, t) = E~ (z)e ~'~' 

can  be d e s c r i b e d  b y  the equa t ion  [1] 

d~E, c o ~ [  v(,--is--v) ] 
dz ~ -~-"~ 1 (t__is)Z__u__(l__is) v" E x = 0 ,  

v=g(l--z 2/z ,~) ,  g = o k  ~/~2, u = o ~  2/c0 2, 

i =  j / - -~  

S = ~eff / (0 

(1.1) 

H e r e  09 i s  the  c y c l i c  f r e q u e n c y ;  09H i s  the  g y r o f r e q u e n c y  fo r  e l e c t r o n s ;  09k i s  the  p l a s m a  f r e q u e n c y  at 
the  m a x i m u m  of the  l a y e r ;  Vef f i s  the  e f f ec t i ve  n u m b e r  of c o l l i s i o n s ;  z m i s  the  h a l f - t h i c k n e s s  of  the  l a y e r ;  
c i s  the  v e l o c i t y  of  l i gh t .  Be low we s h a l l  a s s u m e  tha t  u and s do not  depend  on z .  

The  p r o p a g a t i o n  of  the  o r d i n a r y  and e x t r a o r d i n a r y  waves  in a p a r a b o l i c  l a y e r  was  c o n s i d e r e d  in  the  
g e o m e t r i c - o p t i c s  a p p r o x i m a t i o n  in [2]. H o w e v e r ,  in  [2], the  e f fec t  of r e g i o n s  w h e r e  g e o m e t r i c  op t i c s  is  
v i o l a t e d  was  not  c o n s i d e r e d .  The  p r i n c i p a l  con ten t  of the  s u b s e q u e n t  a n a l y s i s  i s  p r e c i s e l y  the  c o n s i d e r a -  
t ion  of the  e f f ec t  of p o l e s  in  the  c o e f f i c i e n t  of E x on the  p r o p a g a t i o n  of the  wave .  The  c a s e  of  a l i n e a r  l a y e r  
was  c o n s i d e r e d  in [3, 4]. 

2. A s y m p t o t i c  So lu t i ons .  Le t  us  i n t r o d u c e  the  new independen t  v a r i a b l e  r = z / z  m in  equa t ions  {1.1). 
Then  th i s  s y s t e m  of equa t ions  is  w r i t t e n  as  

dee 
(~ - -  ~i ~) - ~  + [P (T 2 - -  I) ~ -l- q ( 2*2 - -  ~i 2 - -  I)] E x = 0 (2 .I) 

T12=t-~  g ( t - - i s ) "  q= ' P--  t--is 

The two r e g u l a r  s i n g u l a r  po in t s  of the  equa t ion  (r  = • 1) m e r g e  into e a c h  o t h e r  fo r  T 1 = 0 (s = 0, 
092 = WH 2 + 09k2). F o r  Ti 2 = 1 (S = 0, W 2 = WH 2) t he  r e g u l a r  s i n g u l a r  po in t s  a r e  absen t ,  which  i s  qui te  u n d e r -  
s t a n d a b l e  p h y s i c a l l y ,  s i nce  at the po in ts  T = *1 the p l a s m a  d e n s i t y  i s  equa l  to  z e r o .  As  f a r  as  the va lue  
w = 09H i s  c o n c e r n e d ,  t h i s  va lue  of 09 i s  not  i s o l a t e d  in  Eq.  (1.1), which  i s  a s s o c i a t e d  wi th  the  a p p r o x i m a t i o n  
in  wh ich  the equa t ion  was  d e r i v e d .  

As  i s  we l l  known [5], so lu t ions  E~ l) ,  E~ 2) of Eq. (2.1) e x i s t  which  have  the  fo l lowing a s y m p t o t i c  r e p -  
r e s e n t a t i o n s  fo r  f u l f i l l m e n t  of  the cond i t i ons  IT] > ]T~I I~P% ~] >>1: 

N o v o s i b i r s k .  T r a n s l a t e d  f r o m  Zhurna l  P r i k l a d n o i  Mekhau ik i  i T e k h n i c h e s k o i  F i z i k i ,  No. 3, pp.  28-34,  
May--June,  1971. O r i g i n a l  a r t i c l e  s u b m i t t e d  S e p t e m b e r  10, 1970. 
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E(2 _ (V~,)o.~, r ~ , ,  [l + o (l / Yp~*)l 

E~ ) --(V~o'O)~176 lfv*' [l -~- 0 (l / ~fp%a)] 

rl,~ = -- T -k t ~ - ~ p  

The condi t ion I~'1 > IT~I leads  to  the condi t ion I ~ l  < 1, which r e s t r i c t s  the range  of f r equenc ies  c o n -  
s i d e r e d .  In p a r t i c u l a r ,  fo r  s = 0, the al lowable f r equency  range  is 

OH ~ ~< o ~ < o~ ~ + 2 ~  ~ 

If  the incident  wave p r o p a g e s  f r o m  the d i r ec t ion  r < 0, then E~ 2) for  r > 0 d e s c r i b e s  the t r a n s m i t t e d  
wave .  C o r r e s p o n d i n g l y ,  fo r  T < 0 the quanti ty E ( 2 )  c o n v e r s e l y  r e p r e s e n t s  the r e f l e c t ed  wave and Ex0) r e p -  
r e s e n t s  the incident  wave .  

In  o r d e r  to  d e t e r m i n e  the ampli tude coef f ic ien ts  of  r e f l ec t ion  (R) and t r a n s m i s s i o n  (D) it is n e c e s s a r y  
to know the r e l a t ionsh ip  between the a sympto t i c  solut ions  E~ 2) f o r  r > 0, and E~ ~), E~ 2) fo r  r < 0 (I T I > 
Ir This  r e l a t ionsh ip  was  e s t ab l i shed  in [6] f o r  a c e r t a i n  equat ion of which (2.1) is  a p a r t i c u l a r  c a s e .  
Making use  of the r e s u l t s  of  [6], one m a y  wr i te  

D = i/e~-iet= (t-i)r (~/~ + ~' - -  ~1) F (l/~ _ B, _ ~l) 

R = d T M  (q_+2 cos 2~ F' ~- e -i~=~) D (2.2) 

~l = l i~(r~ - -  rl) ,  q+ = 1,  q_ = 0 

H e r e  r is a g a m m a  funct ion;  q+ c o r r e s p o n d s  to bypas s ing  of the s ingu la r  points  T = *~'l (for t r a n s i t i o n  
f r o m  T > 0 to T < 0) along the uppe r  half  plane of the complex  ~- plane;  q= c o r r e s p o n d s  to bypas s ing  of the 
s ingu la r  points  along the l ower  hal f  plane;  g '  is d e t e r m i n e d  by the c h a r a c t e r  of the s ingu la r  points  r = • ~'1. 

3. D e t e r m i n a t i o n  of g ' .  The solut ions  Yi, Y2 of Eq. (2.1) have the fol lowing f o r m  [5] in the n e i g h b o r -  
hood of the angu la r  points  T = • TI:  

' ~ 0  

oo 

y~_ = -T-byila (~ ~:- ~)  + ~ d~ (~__~)(~-~- vl) ~ (3.1) 

C o = l ,  d o = - t ,  b = - - ( ~ - - l ) [ p ( v ~  ~ - l ) - ~ q l / 2 v ~  

, ~ - '  ~ 0 ( ~ < 6 )  
2~(~-~)~=~,~ C~g~(v), k 0 = [  - - v  6 ( v > 6 )  (~=2,3 . . . .  ) 

g~-a (~) = 4~z [p (v~ - -  i) § q], 

g~_~ (v) = 2 [p (3v~ =- 1) A- q], g~_~(v) = p 

Here  b is d e t e r m i n e d  by the F roben ius  method  [5]. As is e a s i l y  d e m o n s t r a t e d  f r o m  r e c u r r e n t  r e l a -  
t ionships ,  the coef f ic ien t  Cv is an even function of T 1 i f  v is even,  and an odd funct ion if v is odd. As is 
evident  f r o m  (3.1), the f ield E x at the actual  point of the pole (T l ~ 0) is  f ini te .  Making use  of  the p r o c e d u r e  
developed in [6], we have 

iff ~ l l 2 -- ~ § t@ (~ -- 4) (3.2) 
- ~ l n S ~  T ,  6 =  2--~ ~ Y-~(~-4) 

d~ Jl ~=0] 

Here  l is  an in t ege r  which is to be de t e rmined .  If  th~ equa t ion  has  only one r e g u l a r  s ingu la r  point  
(or none at all), then g '  = 1/4(p I - P2) in a c c o r d a n c e  with [6], where  Pl,2 is the solut ion of the defining e q u a -  
t ions  fo r  the c a s e  c o n s i d e r e d .  F o r  Eq. (2.1) we have 

~,~-o) = it ,  1 / t  + 4~.. ,~o.,~-~, ,b.,:=,) : ' / ,  (3.3) 
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u s i n g  the m e t h o d  i n d i c a t e d  at  the  po in t s  ~-~ = 0, T 2 = 1. 

The  i n t e g e r  l shou ld  be c h o s e n  in such  a way tha t  # ' f r o m  (3.2) c o i n c i d e s  wi th  it ' f r o m  (3.3) fo r  
T 2 = 0, 1. In o r d e r  to d e t e r m i n e  l we choose  ~-~ = 1, s i n c e  fo r  such  a va lue  of the  p a r a m e t e r  ~-~ the  s o l u -  
t ions  of  Eq.  (2.1) a r e  s i n g l e - v a l u e d  and a n a l y t i c  t h roughou t  the  e n t i r e  d o m a i n  I z I < co (see  Sec .  5). L e t  us  
c o n f i r m  d i r e c t l y  the  fac t  tha t  it ' f r o m  (3.2) f o r  ~'~ = 1 and i t '  f r o m  (3.3) fo r  ~-] = 1 c o i n c i d e  i f  l = 1. Thus ,  
in (2.3), one shou ld  t ake  l = 1. 

I f  s = 0, then  ~-~ i s  e i t h e r  r e a l  o r  p u r e l y  i m a g i n a r y  (Re ~-I = 0). T h e r e f o r e ,  f r o m  the p r o p e r t i e s  of 
s y m m e t r y  r e l a t i v e  to  C v 0 - t ) i n d i c a t e d  above ,  and l i k e w i s e  f r o m  (3.1), (3.2), i t  fo l lows  tha t  fo r  s = 0, fl -> 0. 

Le t  s = 0  a n d 0 _ < f i  -<4 .  Then  [see  (3.2)] 

i . e . ,  f o r  the  i n d i c a t e d  v a r i a t i o n  of  fl the  v a r i a b l e  u n d e r  the  l o g a r i t h m  s ign  b y p a s s e s  the  b r a n c h i n g  po in t  of 
the  l o g a r i t h m  and the g iven  b r a n c h  g o e s  o v e r  in to  a n o t h e r .  T h e r e f o r e ,  fo r  fl > 4 one shou ld  t ake  l n 5  + i 2 ~ .  

Le t  s = 0, /3 >- 4.  In  t h i s  c a s e ,  

arg 6 = 0, ~' = ' / ~  + i  q~ ( , > 0 )  

Making  u s e  of  the  r e c u r r e n t  r e l a t i o n s h i p  fo r  C v , i t  m a y  be  shown tha t  r e g a r d l e s s  of  wha t  s ide  T 1 ~ 0  
t a k e s  p l a c e  f r o m ,  

lira y~(~=0) = ~ ak, lim dyl(~=0) = E ( k + t ) a ~  
k = 0  k = 0  

k + l  ( zm " 
a~ = ( - -  1) u [2Uk! (k + t ) ! l - !  [ I  [(v - -  i ) ( ,  - -  2) - -  \ - - - T - - / j  

v ~ 2  

and, c o n s e q u e n t l y ,  fo r  i t '  f r o m  (3.2) t h e r e  e x i s t s  

lira ~'---- lira ~' 
"~t ~ -  0 "~ ~-I-O 

At the s a m e  t i m e ,  

~/4 ~< Re ~' ~ '/_o for s = 0 (Z = l) 

On the  o t h e r  hand,  fo r  a f a i r l y  t h i ck  l a y e r  the  e x p r e s s i o n  f r o m  (3.3) y i e l d s  

F r o m  th i s  i t  fo l lows  tha t  the  func t ion  it ' (T~) has  a d i s c o n t i n u i t y  at  the po in t  ~-~ = 0 (s = 0, w 2 = WH ~ + 
r wh ich  can  be e l i m i n a t e d .  Th i s  can  e v i d e n t l y  be e x p l a i n e d  by the  fac t  t ha t  the  o r i g i n a l  equa t ion  (1.1) 
was  d e r i v e d  wi thout  c o n s i d e r a t i o n  of s p a c e  d i s p e r s i o n .  Of c o u r s e ,  t h e r e  i s  no b a s i s  fo r  e x p e c t i n g  an ac tua l  
s t e p  d i s c o n t i n u i t y  R(it ' ) ,  D(u ') at  the po in t  ~-] = 0. 

4.  Obta in ing  R, D, and the T r a n s f o r m a t i o n  C o e f f i c i e n t .  Le t  s = 0. In th i s  c a s e ,  

= g~  ( ~  = 0 . 2 5 Z  m (Cs (0)/~ ~ - - -  s - -  60~)) 

A s s u m e  a d d i t i o n a l l y  tha t  0 -< [3 -< 4. Then  it ' i s  r e M .  F o r  th i s  c a s e  we have  f r o m  (2.2) the  fo l lowing  
r e s u l t s  in  a c c o r d a n c e  wi th  Eq.  (8.344.2) in  [7]: 

e - ~  (4.1) 
]DJ 2 = 2cos2~l~,+e~• e-~ '~• 

[B [ S = (q+2 cos 2n~t' + e2=~) u{ h {2 

A s i m p l e  check  of the d e r i v e d  f o r m u l a s  shows  tha t  for  ~4 -< # '  -< ~ we have  [R I s + [D] 2 >- 1 for  b y -  
p a s s  a long the l o w e r  ha l f  p l a n e ,  and [R [ 2 + ]D [~ -< 1 fo r  b y p a s s  a long the u p p e r  p l ane ,  IR ]2 + {D ]2 = 1 h o l d -  
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ing in both  c a s e s  s o l e l y  fo r  # '  = ~ .  
a long the u p p e r  ha l f  p l ane .*  T h e r e f o r e ,  the  c o r r e c t  e x p r e s s i o n  fo r  R and D in the g e n e r a l  c a s e  i s  

D = ~i~-~e i~ c~-~)r (~i~ + ~' -- ~) r (~I~ -- ~' -- ~) 

R = e ~L~ (2oos 2 ~ '  + e -~:~) D 

Le t  us  l i k e w i s e  c o n s i d e r  the  c a s e  s = 0, fl -- 4. In th i s  c a s e  we have  

I D I  ~ i ( , - - •  e - 2 ~  
= 2 (* + n) [ch 2~* -- ch 2n• 

IB]~ = (e ~ - -  2 c h 2 n , )  ~ [ D  1 ~ 

F r o m  th i s  i t  fo l lows  tha t  the  p h y s i c a l l y  c o r r e c t  r e s u l t  y i e l d s  a b y p a s s  

(4.2) 

on the b a s i s  of E q s .  (8.331) and (8.322.1) in  [7]. 

I f  s = 0, ~? = 0, then  Eq.  {4.2) can  be s i m p l i f i e d  s u b s t a n t i a l l y ;  s p e c i f i c a l l y ,  

i 
D - -  2Cos~I~' ' R =  - - i ( 2 c o s 2 n ~ ' + i ) D  

If  in  (4.1) we f o r m a l l y  p l a c e  2~g '  = 0 ~ '  = ~) ,  t hen  the d e p e n d e n c e  of the  d e r i v e d  f o r m a l  e x p r e s s i o n s -  
fo r  IR] 2, [DI 2 on the f r e q u e n c y  w i s  e x a c t l y  the  s a m e  as  i t  i s  in the c a s e  of n o r m a l  i n c i d e n c e  of an e l e c t r o -  
m a g n e t i c  wave  on a p a r a b o l i c  l a y e r  o f i s o t r o p i c  p l a s m a  (see  [1], Sec.  17). T h e r e f o r e ,  the  g e n e r a l  c h a r a c t e r  of 
t h i s  d e p e n d e n c e  f o r  I R 12 and I D [2 i s  not  a l t e r e d  s u b s t a n t i a l l y  e v e n  f o r  s m a l l  I c o s  2 ~ t t '  I ( i .e . ,  f o r  s m a l l  

>o). 

H o w e v e r ,  the  s u b s t a n t i a l  d i f f e r e n c e  f r o m  the c a s e  of n o r m a l  i n c i d e n c e  of a p a r a b o l i c  l a y e r  of i s o -  
t r o p i c  p l a s m a  i s  m a n i f e s t e d  h e r e  in the f ac t  tha t  the  c o e f f i c i e n t  of t r a n s f o r m a t i o n  of an e l e c t r o m a g n e t i c  
wave  into a p l a s m a  wave  IF] ~ = 1 - [R[ 2 - ]DI 2 (see below) i s  not equa l  to  z e r o .  

As  i s  e v i d e n t  f r o m  (3.2), the  quant i ty  fi (and thus  # ' a l so )  wi l l ,  in g e n e r a l ,  be a c o m p l e x  func t ion  of 
oJ 2, Wk 2, agH 2, Zm 2, c 2. H o w e v e r ,  u n d e r  s p e c i f i e d  cond i t i ons  the e x p r e s s i o n  fo r  fl m a y  be s i m p l i f i e d  s u b -  
s t a n t i a l l y .  Le t  us  m a k e  use  of the  e x p a n s i o n  

(g f lg l  ] dv) ~ = (v -~  vl)2[i + 6C~(_~ q)(v ~= vl) + ...1 (4.3) 

Then  the  s e c o n d  t e r m  of the  s e r i e s  in  (4.3) m a y  be n e g l e c t e d  in c o m p a r i s o n  wi th  the Let s =0, T =0. 

first term, if 

2 [ c ~  

In this case, 

(4.4) 

If ,  fo r  e x a m p l e ,  WH2 << r 2 and 2~(c/a~HZm) 2 ~ 10, t hen  Eq.  (4.4) m a y  be u s e d  t h roughou t  the  e n t i r e  i n -  
t e r v a l  of a l l owed  f r e q u e n c i e s  a~H2 ~< 0J 2 < ~OH2 + 2r (see  Sec .  2). 

F r o m  (4.2) i t  fo l lows  tha t  the  p h a s e  sh i f t  9 b e t w e e n  the  r e f l e c t e d  and in f in i t e  w a v e s  at  the  beg inn ing  
of the  l a y e r  0" = -1 )  i s  

= - -  Im (~ In p) + Re ~ - -  arg g (4.5) 

F r o m  (4.5) we have  the fo l lowing  r e s u l t  in  a c c o r d a n c e  wi th  Eq. (8.362.1) f r o m  [7]: 

Atbo = d0 d a rg(2cos2~9 '  e - ~ ~ )  + g R e  do) --  dco [Ira0] In p) + + i]] - -  
a o  c o  

- + o.s7721s + - 

= ~I~ - -  % X~ = (~ 4 -  k )~  - -  i~ '~ 

*I t  i s  of i n t e r e s t  tha t  in [6] the  p h y s i c a l l y  c o r r e c t  r e s u l t  was  o b t a i n e d  fo r  b y p a s s  a long the  l o w e r  ha l f  p l ane .  
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The quanti ty {FI 2 = 1 - {R]2{D{ 2 fo r  s = 0 c h a r a c t e r i z e s  the r e l a t ive  f r ac t ion  of e n e r g y  which is ab -  
s o r b e d  in the r eg ion  of  the pole .  In the reg ion  of the pole (1 - v - u = 0, s = 0) t r a n s f o r m a t i o n  of the e l e c t r o -  
magne t i c  wave into a p l a s m a  wave occu r s  (see [1, 8]) and, t h e r e f o r e ,  f o r  waves  having a sma l l  ampl i tude 
the loss  of e n e r g y  in the r eg ion  of the pole fo r  s = 0 m a y  be expla ined by t r a n s f o r m a t i o n .  

On the o ther  hand, the pole i t se l f  develops  if space  d i s p e r s i o n  is  neg lec ted  and, consequent ly ,  in the 
l imi t ing  c a s e  it r e f l ec t s  the inf luence of the d i s c a r d e d  t e r m s .  T h e r e f o r e ,  fo r  s = 0 the quanti ty IF{ 2 m a y  be 
t r e a t e d  as  the coef f ic ien t  of t r a n s f o r m a t i o n  of an e l e c t r o m a g n e t i c  wave into a p l a s m a  wave at sma l l  va lues  
of the p a r a m e t e r  fl T ~ which c h a r a c t e r i z e s  the space  d i spe r s i on .  In o the r  words ,  

] F {3=0~ = lira L for ~T ~ --~ 0 

2 where  L is  the t r a n s f o r m a t i o n  coeff ic ient  [i.e., IF  {s=0 is the f i r s t  t e r m  of the expans ion  of L(flT 2) into a 
s e r i e s  in fiT2]. Unlike [8] (where a d i f fe ren t  law fo r  the va r i a t ion  of the e l e c t r o n  dens i ty  is a lso taken),  the 
t r a n s f o r m a t i o n  coeff ic ient  h e r e  can  be d e t e r m i n e d  f r o m  a s e c o n d - o r d e r  equat ion.  

The t r e a t m e n t  of  the quant i ty  {F{ 2 p r e s e n t e d  above has  been  c o n s i d e r e d  in va r i ous  aspec t s  in [9, 11]. 

I f s = 0 , 0 - < f l  -<4,  then 

] /7  {~ = ] cos 2n~'  I -- 2e-*~*cos ~ 2 ~ '  
ch 2~n - -  ] cos 2 ~ '  ] (4 .6)  

(Here cos  2~#' < 0.). The dependence  of {FI 2 on r is g iven in (4.6) f o r  (C/ZmWH 2) = 20, 00k 2 = 
5WH 2, is d i sp layed  in Fig .  1. 

In  the given paper  the cho ice  of the path of analyt ic  cont inuat ion of  the solut ions  is ach ieved  f r o m  the 
condi t ion govern ing  the e n e r g y  d i s s ipa t ion  ({R{ 2 + {D{ 2 _< 1). Such an approach  in the case  of one s imple  pole 
has  a l r eady  been  used  p r e v i o u s l y  (for example ,  in [9, 10]). However ,  the c a s e  of two poles  has  c e r t a i n  s p e -  
c i f ic  p e c u l i a r i t i e s .  T h e r e f o r e ,  it is expedient  to d i s cus s  it in  g r e a t e r  deta i l  (see Sec.  5). 

5. On the Choice  of the "Phys i ca l "  Pa th  of  Analy t ic  Cont inuat ion of  the Solution.  Equat ion (2.1) is a 
p a r t i c u l a r  c a s e  of the equat ion  

d2y ~. ( Q]z ) dy Q3 bz 2] 0 
d~ -- ~z~- a~ + alz ~ + [(~ q~" _ - - ~ ) ~  + ~ + a + Y = (5.1)  

c o n s i d e r e d  in [6], where  Q~, Q2, Q3, a, al, and b a re  a r b i t r a r y  cons t an t s .  

The solut ions  of  Eq. (5.1) a re  c o n s i d e r e d  in the p r e s e n t  p a p e r  and in [6] b a s i c a l l y  in the domain  
{zl{ < {zt < IZm{ < ~ .  In  p r inc ip le ,  m o r e  than two paths  fo r  p e r f o r m i n g  the ana ly t ic  cont inuat ion  of these  
solut ions  f r o m  the posi t ive  hal f  axis  onto the negat ive  one a re  poss ib le  in the z plane (for example ,  be tween 
the poles  z = •  1 also}. T h e r e f o r e ,  let  us  c o n s i d e r  the ques t ion of  which paths ,  in gene ra l ,  of analyt ic  c o n -  
t inuat ion m a y  lead  to a phys ica l ly  c o r r e c t  r e su l t .  We shal l  conduct  the c o n s i d e r a t i o n  in pa ra l l e l  f o r  the p r e s -  
ent  pape r  and for  [6]. H e r e a f t e r  we shal l  add the l e t t e r  A to the n u m b e r s  of the equat ions  f r o m  [6] [for 
example ,  (A.1.2)]. 

As is well  known [1], cons ide ra t i on  of  the space  d i s p e r s i o n  leads  to f o u r t h - o r d e r  s y s t e m s  ins tead  of 
equat ions  (1.1), (A .1.2); the coef f ic ien ts  of these  s y s t e m s  (and, t h e r e f o r e ,  the solut ions)  a r e  ana ly t ic  and 
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Fig.  I 

s i ng l e -va lued  in the  ne ighborhood  of the z e r o s  of  6 = [(1 - is) 2 - u - (1 - is)v],  s  
The equat ions  (1.1), (A.1.2) a re  de r ived  f r o m  equivalent  s y s t e m s  (in the domain  
cons ide red)  of f o u r t h - o r d e r  equat ions  if the sma l l  p a r a m e t e r  f i t  2 in the s en io r  
de r iva t i ve s  is p laced  equal to z e r o  (i.e., if  the equat ions  a re  degene ra t e  in a defini te  
sense) .  

The effec t  of the d i s c a r d e d  t e r m s  is e spee i a l l y  g r e a t  in the reg ion  where  the 
coef f ic ien t  of the second  de r iva t ive  is sma l l  (i.e., n e a r  the z e r o s  of 6, s  T h e r e -  
fore ,  in  gene ra l ,  the solut ions  of the degene ra t e  equat ions  on the r e a l  axis  in the 
ne ighborhood  of  the z e r o s  of  6, ~ '  (if the z e r o s  a re  s i tua ted  on or  n e a r  the r e a l  axis) 
m a y  not c o r r e s p o n d  to  the actual  phys ica l  p ic tu re ,  i .e . ,  they  m a y  not be phys ica l .  
This  is ind ica ted  by  the ambigui ty  of  the solut ions  and the i r  d ive rgence  at the z e r o s .  
In  this  ca se ,  the phys ica l  so lu t ions  in the ne ighborhood  of the z e r o s  of 6 ,  ~ '  m a y  be 
obta ined only by m e a n s  of a nondegene ra t e  f o u r t h - o r d e r  s y s t e m .  
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A reliable exception is the case when the solutions of the degenerate equation are unique and analytic 
in the neighborhood of the zeros  of 5,e ' ,  notwithstanding the presence  of the pole.  [Note that the solutions of 
(A.2.1) (z 1 = 0) are unique and analytic,  that is, they are  physical,  throughout the entire domain Iz I < oo, in- 
cluding at the zero of e ' ( z  = 0). This der ives f rom (A.2.2).] In par t icular ,  G (1'2)  = const for z -*0.  The in- 
fluence of the discarded t e rm is slight here  even in the neighborhood of the zero of e ' .  This is likewise in- 
dicated by the absence of t ransformat ions  (1R] 2 + ID] 2 = 1, see Sec. 2). 

Consequently, the co r r ec t  way of per forming analytic continuation of the solutions of Eqs. (1.1), 
(A.1.2) (taken far f rom the zeros  of 5 ,e ') f rom the positive z half axis to the negative half axis in this case 
mus t  not necessa r i ly  coincide with the real  axis (or be congruent with it via continuous deformation) in the 
neighborhood of the zeros  of 5, e ' .  Moreover ,  it is natural to expect that, in the case considered,  the by-  
passing of the ze ros  along a path situated sufficiently far  f rom them in the complex plane (i.e., where the 
influence of the discarded t e rms  is small) is precise ly  what yields a physically co r r ec t  resul t .  (It would be 
desirable to indicate a s imi la r  device in the quasiclassical  method [12] .) 

It is p rec i se ly  such waves that were used in the given work and in [6]. In these cases  the path between 
the poles z = +z 1 (i.e., between the zeros  of 5, e ' )  will not be simple,  since for  specific values of the p a r a m -  
e te rs  in (2.1) and (A.3.1) the two poles (the zeros  of 5, e ' )  are  close and even merge  into one. 

Note likewise that in o rder  to determine the integer number  l included in tt', pa ramete r s  were chosen 
in Eqs.  (2.1) and (A.3.1) such that the solutions of these equations were unique and analytic in the entire 
domain Iz I < ~o. After  all that has been said above, this does not require  clarif icat ion.  
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